Abstract. Mechanisms contributing to the spread of avian influenza seem to be well identified, but how their interplay led to the current worldwide spread pattern of H5N1 influenza is still unknown due to the lack of effective global surveillance and relevant data. Here we develop some deterministic models based on the transmission cycle and modes of H5N1 and focusing on the interaction among poultry, wild birds and environment. Some of the model parameters are obtained from existing literatures, and others are allowed to vary in order to assess the effectiveness of various control strategies involving bird migration, agro-ecological environments, live and dead poultry trading, smuggling of wild birds, mechanical movement of infected materials and specific farming practices. Our simulations are carried out for a set of parameters that leads to the basic reproduction number 3.3. We show that by reducing 95% of the initial susceptible poultry population or by killing all infected poultry birds within one day, one may control the disease outbreak in a local setting. Our simulation shows that cleaning the environment is also a feasible and useful control measure, but culling wild birds and destroying their habitat are ineffective control measures. We use a one dimensional PDE model to examine the contribution to the spatial spread rate by the size of the susceptible poultry birds, the diffusion rates of the wild birds and the virus. We notice the diffusion rate of the wild birds with high mortality has very little impact on the spread speed. But for the wild birds who can survive the infection, depending on the direction of convection, their diffusion rate can substantially increase the spread rate, indicating a significant role of the migration of these type of wild birds in the spread of the disease.
1. Introduction
Classification of influenza viruses.
Influenza viruses belong to the family Orthomyxoviridae, and are isolated from a wide range of hosts including humans, pigs, birds, horses and sea mammals [8] . Based on antigenic differences in their gene products nucleoprotein (NP) and matrix (MI), influenza viruses are classified into three types A, B and C. Avian influenza, an infectious disease of birds that is caused by influenza virus type A strains, was identified first in Italy [23] . Influenza A strains are further classified into sub-types based on two kinds of surface glycoproteins, haemagglutinin (HA) and neuraminidase (NA). Wild aquatic birds, mainly Anseriformes are primordial reservoirs of all identified 16 HA subtypes of avian influenza [6, 31] . However, these viruses normally do not make wild aquatic birds sick but, once transmitted to poultry species can cause serious economic losses, arising from high mortality and trade restrictions [15] .
Based on the pathogenicity influenza A viruses are categorized into two distinct groups, Highly Pathogenic Avian Influenza (HPAI) and Low Pathogenic Avian Influenza (LPAI) viruses. The HAs of HPAI differ from those of LPAI influenza A viruses by virtue of possessing multiple basic amino acids at the carboxyl terminus of HA1. This structural feature permits cellular ubiquitous proteases, to cleave the HA and render the virus infectious and able to spread to a variety of organs, leading to systemic infection [24] . By contrast, LPAI-virus HAs lack a series of basic amino acids at the cleavage site and are cleaved only by proteases secreted from cells in the respiratory or intestinal tract, or both, so that the viruses only produce localized infections, resulting in mild or asymptomatic infections [10] . Avian origin-H5N1 strains, commonly called HAPI A (H5N1) are primarily isolated from a poultry farm of Scotland, UK during 1959 [21] . Unpredictable and rapid assortment ability of virus boosted its continuous evolution, spreading to different continents since 1996-Asian outbreak. This strain acquired an unusual quality of cross species barrier, creating a great pandemic fear globally [28] .
Transmission cycle of H5N1
Diversified adaptations of H5N1 subtype in systems, viz insects, birds, mammals (terrestrial and aquatic), human, and environment (water and land), lead to a complex transmission network. Figure 1 explicates, for the H5N1 subtype, some possible transmission pathways, mainly, birds to birds [18] , birds to mammals [12] , birds to human [5, 19, 25] , birds to insects [14] , human to human (Note: serological evidence of human-to-human transmission was limited to a few cases only [19] , but inefficiently [3] ), and environment to birds/mammals/human and vice-versa [33] . The possible transmission routes of H5N1 from one host to another, through a). migration (short and long distance); b). faecal-oral route (via environment i.e., sharing of habitat); c). poultry and wild bird trade; d). contaminated feed, cages etc.; e). feeding on infected fowls.
Modes of transmission
The steady maintenance of H5N1 virus in various media [13, 26] enabled the virus to circulate from Southeast Asian countries to other parts of the world as observed in the last few years. Various transmission modes may play roles in virus hop: natural activities (bird migration, and agroecological environments) and human activities (both live and dead poultry trading [17] , smuggling of wild birds [29] , mechanical movement of infected materials [1] and specific farming practices.). The common diffusion routes of avian influenza are faecal-oral (H5N1 infected birds shed the virus high titers from trachea as well as from the cloacae [9, 27] and these are involved in the environmental contamination, where variety of hosts may get exposed and infected).
Purposes of this study
This study proposes a system of ordinary differential equations (ODE), which describes the transmission dynamics of H5N1 virus among the poultry, wild birds and environment. We parameterize our model using data and information from various existing literatures. We utilize the model to compare the relative effectiveness of various control measures such as culling of poultry, reducing susceptible poultry and cleaning the contaminated environment on the reduction of a key epidemiological threshold, the control reproduction number in a local outbreak. We then extend the model to incorporate some spatial aspects in order to estimate the propagation speed and to describe the spatio-temporal patterns of H5N1 spread. We start with a PDE model in one-dimensional space to see how the propagation speed (related to the minimal wave speed of the so-called traveling wave fronts) depends on the susceptible poultry birds, the spatial diffusion rates of poultry and wide birds, as well as the spread speed of the virus in the environment. We then carry out some intensive simulations on a corresponding two-dimensional PDE model to see how the interaction between the (random) spatial diffusion of birds and virus and the migration of wild birds affects the spatio-temporal patterns of the disease.
Local outbreaks in a Homogeneous Environment

Basic Model Formulation
With the above understanding of the ecology and epidemiology of H5N1, we categorize birds into three groups depending on their participation in the transmission of H5N1, as (i) poultry (mainly chicken) (c);
(ii) wild birds (w), susceptible and die after H5N1 infection; and (iii) wild birds (d), susceptible but survive after H5N1 infection without apparent disease symptoms. Figure 2 , a mathematical abstraction of Figure 1 , depicts the flow of the transmission of the virus between birds and environment. These infected poultry birds as well as the exposed/infected wild birds may contribute to environmental contamination through the common faecal-to-oral route.
The birds groups are further divided as susceptible (S c , S w and S d ), exposed (E w ), infected (I c , I w and I d ) and recovered (R d ) compartments. Infected (I c , I w , and I d ) class includes asymptomatic and symptomatic stages. Where as in group (w), Exposed (E w ) and Infected (I w ) classes are defined separately since the exposed wild birds (E w ) can fly some distances even after viral exposure, helps to describe the spatio-temporal patterns. Recovered class (R) was defined only for (d) group wild birds as (R d ) and was excluded for the remaining groups, (c) and (w) since H5N1 is fatal.
The virus can persist in the water, sewage, excreta and outside the host in suitable conditions, thus we introduce a new variable/class V to describe the virus density in the environment. The model formulated below incorporates direct host-host transmission, in which susceptible hosts become infected through direct fecal-oral transmission between the same groups of species birds as we divided. In addition, infected birds shed the virus into their local environment and this is reflected by including the indirect fecal-oral transmission via encounters through the contaminated environment.
The model, a nonlinear system of ordinary differential equations, is formulated to characterize the transmission dynamics of birds and virus in a local outbreak with a relatively homogeneous environment. Suppressing the time-dependence for each variable, the model is given by
where
Precise definitions of parameters and their identification from existing references are provided in the next sub-section. 
Initial Conditions and Model Parameters
We will use (S c0 , S w0 , S d0 ) to denote the initial numbers of susceptible c, w and d classes of birds, and will be taken as (20000, 500, 500) in our simulations. Note that S c0 can be altered in outbreak control through culling.
Other parameters are described in Table 1 . Here we provide a few remarks about the estimation and choice of certain parameter values.
The direct transmission rate α c is the number of contacts that a susceptible poultry bird makes per day, times the probability of disease transmission for each contact between a susceptible and an infected poultry bird. Similarly, we can define α ed , α iw and α d . The indirect transmission rate is defined as the number of contacts of one susceptible bird (in the respective class) with the environment per day, times the probability of disease transmission per contact per virus density.
It is still unknown how long it takes for the d class birds to loss their immunity to the H5N1 virus. In our simulations, we assume recovered d class of birds gain life long immunity.
In our model, r d is the shedding rate of infected d class birds per day. This is determined from the embryo infective dose that is the titre required to infect 50% of the embryos inoculated with the virus.
All of these transmission rates (direct and/or indirect) are unknown and can be changed once some control measures are implemented. A report from China [34] shows that serological studies conducted to observe the prior infection of a total number of 1092 migratory ducks with H5N1 in China found 3.1% had antibodies of H5N1 strain. We therefore take the infected rate of the d class of birds as 3.1%.
We the use the above rate to estimate other parameters, under the assumption that no control measures are taken and using the values of known parameters Table 1 , as well as the initial value
(that is, we assume only 2 infected d class birds at beginning). The identified values of transmission rates, reported in Table 1 , give the best fitted infected rate of the d class birds around 3.1%.
The virus in the environment is consumed by birds and others, and can also be reduced by some human efforts. These are reflected by the consumption rates δ c , δ w , δ d and d n . We assume that δ c , δ w and δ d are relatively small, and we will vary d n to see the effectiveness of cleaning the environment in a local outbreak control.
Effectiveness of Some Control Measures in a Local Outbreak
Of critical importance of the outbreak control is a threshold which determines whether or not the disease can invade successfully. This is called the basic reproduction number R 0 , defined to be the expected number of secondary cases produced, in a completely susceptible population, by a typical infected individual during its entire period of infectiousness. In our case, since some of the parameter values can be changed when certain control measures such as culling of domestic birds, we shall call this threshold "control reproduction number". In deterministic models, control is possible when and only when R 0 < 1 [7] .
We can use the well-known approach developed in [30] to calculate R 0 . First of all, we note that the disease free state is where S c0 , S w0 , S d0 are initial conditions. We then calculate the corresponding Jacobian matrix, F and V, describing the linearization of a reduced system about the disease free state E 0 , yielding
Thus, the basic reproduction number of model (2.1) is given by
where ρ is the spectral radius of a matrix. Unfortunately, the explicit expression of the basic reproduction number R 0 is too complicated for the general model to have any practical use. In the following part of this subsection, we will investigate R 0 by plotting it against some parameters of epidemiological interests or of importance to guide the design of control measures. We now present some numerical simulations to illustrate and quantify effectiveness of some feasible control measures on the basic reproduction number R 0 that, as shown in (2), is a function of the initial host population sizes, transmission rates, disease-induced death rates, and the virus' shedding and consumption rates.
The initial susceptible poultry population can be controlled by (indiscriminatively) culling or by keeping the highly susceptible chickens in bird-proof premises that are far away from open waters on which virus aggregate. Figure 3 (a) clearly shows the significance of reducing the susceptible poultry population, since R 0 increases sharply as S c0 (number of initial susceptible poultry birds) increases. Using parameters from Table 1 (in other words, culling 95% of poultry population can reduce the reproduction number to below 1). Figure 3 (b) plots R 0 as a function of the death rate of infected poultry, i.e., the life span of infected poultry. Note that this rate is the sum of the death rates of the poultry induced by the disease and by other control measures such as culling. The thick part in the graph corresponds to the observed life span of infected chicken without human intervention, and this yields the value of R 0 above 3.3 under the set of parameters we selected in Table 1 , which shows the disease will persist without other human interventions. This figure also shows, again using the parameters from Table 1 , that control of a local outbreak is possible if the life span of infected poultry can be decreased to less than one day. Therefore, effective and speedy culling can control a local outbreak.
In Figure 3 (c), R 0 is plotted as function of d n , the efficacy of control measure of cleaning environment in a local outbreak control. We can observe if the virus can be killed more than 40% when the environment is cleaned, the local outbreak can be prevented. As such, cleaning the environment seems to be another control measure.
In Figure 3 (d), R 0 is plotted as function of initial number of susceptible wild d class birds. From this graph, we can see if we decrease the number of susceptible wild birds, the basic reproduction number just decreases slightly but still much greater than one. This shows that culling wild birds and destroying their habitat are ineffective control measures, which coincide with the conclusion reached in the Scientific Seminar on Avian Influenza, the Environment and Migratory Birds, April [10] [11] 2006 , at UN Office in Nairobi, Kenya. 
Impact of the Mobility of Birds and Virus
As discussed above, the domestic waterfowl, specific farming practices and agro-ecological environments played key roles in the occurrence, maintenance, and spread of the H5N1 virus for many affected countries. Although numerous wild birds have also become infected, it has been much debated whether they played an active role in the geographic spread of the disease. It has been argued that infected birds would be too severely affected to continue their flight, this consequence might hamper the bird's migration and movement and thus unlikely to spread the H5N1 virus. On the other hand, it has been argued that although this may be true for some wild birds, it has been shown that, in some experiments, several birds species survive after infection and shed the H5N1 virus without apparent disease signs [5] . It is thus important to study how the spread speed of the disease depends on parameters such as the recovery rate of infected wild birds, the shedding rates of all kinds of infected birds, and the diffusion rates of birds in all categories using a suitable PDE model.
ODE Model Simplification
We start with a simplification of the ODE model in order to further analyze the impact of the mobility of birds and virus on the spread speed of the disease.
Denote 
and we need consider only the equation for infectious d class birds, which takes the forṁ
Then the simplified model takes the forms as
If we assume N d = S d0 , the simplified model (3.3) and the original model (2.1) have the same disease free equilibrium E 0 , so is the basic reproduction number R 0 . When R 0 > 1, there is a local outbreak, and as t → ∞,
for two constants S c,∞ and S w,∞ , and
Spread Speed
We now incorporate the spatial content to the simplified model (3.3) and obtain the following PDE model for which each variable is a function of both the spatial location x ∈ R and the time t ∈ R:
are the diffusion (convection) coefficients of the susceptible poultry birds, susceptible and exposed w class birds, infected d class birds and the virus in the environment.
Normally, the mobility of the poultry birds is rather limited, comparing with free-living birds. So D c << 1 is quite small, with respect to D w and D d . We include the spatial movement of the exposed but ignore the infected w class birds. As the H5N1 virus in the environment can move due to the floating water and air or due to the transportation, we also allow a spatial diffusion term for the variable v.
The PDE model (3.4) has the so-called traveling wave fronts: a special type of solutions depending only on the wave variable z = x + ct with the wave speed c ≥ c min > 0, and connecting the disease free equilibrium (S c0 , 0, S w0 , 0, 0, 0, 0) (at the initial stage) to the disease free equilibrium (S c,∞ , 0, S w,∞ , 0, 0, 0, 0) (after the epidemic). In principle, we anticipate that solutions of the PDE model (3.4) converges to the traveling wave with the minimal wave speed c min that coincides with the propagation speed of the disease [20] , and our simulations do support this anticipation.
It is therefore critical to calculate the minimal wave speed. For this purpose, we linearise the equations for I c , E w , I w , I d , and V in the region x → −∞ where S c → S c0 , S w → S w0 , S d → N d and the remaining variables approach zero. The linearised equations are then converted to travelling wave form by looking for solutions that are functions of only the wave variable z = x+ct with c ≥ 0. Then we look for non-trivial solutions of the linearised travelling wave equations of the form (I c , E w , I w , I d , V ) = (q 1 , q 2 , q 3 , q 4 , q 5 ) exp(λz). After a fair amount of algebra we find that the characteristic matrix
Then the characteristic equation can be written as det C(λ; c) = 0. . This actually happens only for c above some minimum value c min > 0.
The minimum speed c min depends on the values of the parameters in a complicated way, but numerically it can be found by solving the simultaneous equations 6) for c and λ with c > 0 and λ > 0. Figure 4 gives the numerical solution of the minimum speed c min calculated from (3.6) versus the initial number of susceptible poultry S c0 corresponding to different convection velocity of poultry v c (Figure 4 (a) ); versus the diffusion coefficient of wild birds dying from the infection( Figure  4(b) ); versus the diffusion coefficient of wild birds surviving of the infection (Figure 4(c)) ; and versus the diffusion coefficient of virus (Figure 4 (d) ).
From Figure 4 (a), it is clear that for every convection velocity v c , there exists a threshold of the initial number of susceptible poultry below which the spread rate is almost linearly dependent on the initial number of susceptible poultry, but above which the size of the initial number of poultry has almost no impact on the spread speed c min . Note also that the spread rate is also an increasing function of the convection velocity v c . Table 1 . The spread speed is 1.2 km/day when all parameters are fixed as in Table 1 , and when D w = 9km The diffusion rate D w has very little impact on the spread speed, as the variation of the minimal wave speed is between 1.69 and 1.74 km/day for a wide range of diffusion rates D w and convection velocities v w . This seems to support the conclusion that random movement of the w class birds has contributed less to the disease spread since they lose their ability to fly, once they become infectious.
Interesting phenomena can be observed in Figure 4 (c): depending on the direction of convection, the spread rate can be dramatically changed, increasing from about 2 km/day to 7.8 km/day. This indicates the migration of d class birds may play a key role for the spread of the disease.
The diffusion rate of the virus depends on many factors such as the wind and the transportation tools for poultry. Figure 4 (d) shows the diffusion rate of the virus has limited effect on the spread spread.
Effects of commercial poultry transportation
Generally, poultry birds live in restricted environments, except during the process of trading. Wild birds travel seasonally along the migratory pathways. Some studies about the virus survivability and stability in the water bodies indicate that water bodies might play a key role in the spread of the H5N1 virus. To qualitatively explore how these facts affect the spread of the virus, we need to expand the model to a two-dimensional geographical region to account for different directions of the convection of seasonal migration of wild birds. We report here some preliminary numerical analysis based on the following partial differential equations model: In our simulations below, we use periodic boundary conditions, i.e, the two end points of axis are connected together. In these simulations, we use backward Euler method to discrete the above Interested readers can access to the animation based on our simulations, and here in Figure 5 , we present some snapshot of the animation.
We use these snapshot to illustrate the impact on the spatial movement of the epicenter by changing the direction and magnitude of the convection velocities of various species involved. Figure 5 (a) gives the baseline scenario when there is no velocity for all species, i.e., Figure 5 (b) and (c) shows how the epicenter moves dominantly along the direction of the convection of the domestic poultry (trading) and the disease spread to other direction via diffusion (random movement). Figure 5 (d) plots the case when virus move along x axis, corresponding to the drifting along river or by air. Figure 5 (e) and (f) illustrates the case where d class wild birds migrates along x-direction with different velocities.
Discussion
In this paper, we proposed a basic ODE model and its PDE analogues to study the transmission dynamics and spatial spread pattern of H5N1-Avian Influenza by partitioning the birds into three classes based on their epidemiological characteristics for the disease under consideration: poultry, wild birds (susceptible and die after H5N1 infection), and wild birds (susceptible but survive after H5N1 infection without apparent disease symptoms).
We used an ordinary differential equation model (2.1) to access the effects of some control measures. We found that decreasing the number of susceptible poultry, speedy culling of infected poultry, and cleaning the environments to get rid of the virus are all effective ways to control the outbreak, but killing the wild birds with low disease mortality is ineffective.
We also expand the model to a one dimensional partial differential equation (3.4) to study the spread speed of the disease. By numerically calculating the minimum wave speed, we found that the diffusion and immigration of wild birds with low disease mortality seem to be the key factors for the spatial spread, while other factors, such as the diffusion rates and convection velocities of poultry, wild birds with high disease mortality and the virus have less impact for the propagation speed.
By constructing a two dimensional partial differential equation model (5), we examined how the epicenter moves in space and time under different assumptions about the speed and direction of poultry commercial transportation, virus drifting (along river or by air), and immigration of birds. 
